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A Time-Domain Method With Isotropic Dispersion
and Increased Stability on an Overlapped Lattice

Eric Alan Forgy and Weng Cho Chew, Fellow, IEEE

Abstract—A time-domain method on an overlapped lattice
is presented for the accurate and efficient simulation of elec-
tromagnetic wave propagation through inhomogeneous media.
The method comprises a superposition of complementary ap-
proximations to electromagnetic theory on a lattice. The discrete
space–time (DST) method, is set on a pair of dual lattices whose
field components are collocated on their respective lattice sites.
The other, the time-domain element (TDE) method, is set on over-
lapping dual lattices whose field components are noncollocated.
The TDE method is shown to be a generalization and reinterpreta-
tion of the Yee algorithm. The benefits of the combined algorithm
over comparable methods include: 1) increased accuracy over
larger bandwidths; 2) increased stability allowing larger time
steps; 3) local stencil-satisfying boundary conditions on interfaces;
4) self-contained mathematical framework; and 5) it is physically
intuitive.

Index Terms—Electromagnetic propagation, numerical analysis.

I. INTRODUCTION

T HE finite-difference time-domain (FDTD) method, intro-
duced in 1966 by Yee [1] and pioneered by Taflove and

others [2], [3] (and the references therein, since 1975) provides
a simple and robust method for simulating the propagation of
electromagnetic radiation through complex media. Although the
FDTD method has enjoyed great success, the numerical disper-
sion errors, inherent in the algorithm, limit its applicability to
electrically small problems or to problems that are not especially
sensitive to errors in phase, e.g., SAR distributions in the human
head [4]–[7].

Since the original inception of the Yee algorithm, there has
been significant progress toward attaining improved accuracy
via the development of higher-order methods. Earlier work on
higher-order methods involve the use of extended stencils over
which the derivatives are approximated in the update equations
[8], [9]. As pointed out by Hadiet al. [10], however, these
methods suffer near material discontinuities. A more robust
algorithm is presented by Hadiet al., which is constructed
from the integral form of Maxwell’s equations. High accuracy
is attained by the superposition of various line integrals around
closed paths aligned with the Yee grid, including the original
line integral of the Yee algorithm. This method has the ad-
vantage that it may be reduced to the standard Yee algorithm
near material discontinuities by a simple readjustment of
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coefficients in the update expressions. Thus, although the
method relies on an extended stencil throughout most of the
computational domain, the stencil may be reduced to that of the
Yee algorithm near material discontinuities without suffering
from instabilities. However, this comes at the cost of a slight
loss in accuracy.

Along similar lines, Cole [11] presents a realization of the Yee
algorithm that is also based on linear superposition. However,
Cole’s method is based on the differential form of Maxwell’s
equations. In this case, high accuracy is achieved via a linear
superposition of various nonstandard finite-difference approx-
imations to the spatial derivatives. Due to the free parameters
allowed by the superposition, excellent isotropy is attained and
the algorithm may be tuned to a particular design frequency with
excellent dispersion characteristics. It should be noted, how-
ever, that the update expressions are not symmetric inand .
Thus, high accuracy is obtained for eitheror , but not for
both. This may also lead to late time instabilities as discussed in
[12]–[15].

To avoid the problems associated with larger stencils at mate-
rial discontinuities, Younget al. [16] present a compact differ-
ence method which is fourth-order accurate in space and time,
yet maintains the local stencil of the Yee algorithm. As a re-
sult of the compact stencil, the boundary conditions on perfectly
conducting interfaces are easily enforced. However, there re-
mains a question on its performance near dielectric interfaces.
Although the stencil is compact, the method is implicit in na-
ture requiring the solution of a tridiagonal matrix. Thus, the
derivatives are ultimately dependent on the global behavior of
the fields. Younget al. acknowledge this issue and suggest a
subdivision of the computational domain as a possible resolu-
tion.

The methods described thus far are variations on the orig-
inal Yee algorithm, set on the standard Yee lattice. Highly ac-
curate methods are obtained for propagation through free space
by extending the stencil. However, this is not adequate near ma-
terial interfaces, and measures must be taken to reduce the up-
date expressions to those of the standard Yee algorithm in such
instances. Attempts at reconciling with the larger stencil have
met with mixed success. In any case, it is clear that an accurate
method based on a local stencil is desirable.

In this paper, a time-domain method is presented which is
an attempt to unify several of the advantages of the high-accu-
racy methods mentioned earlier. Like the work of Hadiet al.and
Cole, this method is based on linear superposition. However, in-
stead of a superposition of variations on the Yee algorithm, it is a
superposition of two methods, each based on a local stencil. The
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Fig. 1. Unit cell with collocated field components.

resulting algorithm maintains the local nature of each individual
method, yet enjoys several of the features of the aforementioned
methods.

In Section I, the first of the two methods is discussed. A dis-
crete vector calculus on a lattice is developed based on primary
and dual lattices that support scalar as well as vector fields with
collocated components. The resulting discrete vector calculus is
applied to electromagnetic theory and is, by construction, con-
sistent with both the integral and differential forms of Maxwell’s
equations. In its own right, the resulting discrete space–time
(DST) method does not hold any particular advantage over the
standard Yee algorithm other than improved stability. In fact,
the DST algorithm was put forth originally by Biet al. [17], al-
though, it was not developed from the mathematical framework
introduced here. Soon after, an analysis by Ray [18] illustrated
a detrimental characteristic of the DST algorithm. The DST suf-
fers from grid decoupling for certain excitations. In addition to
grid decoupling, the numerical dispersion error is larger than
that of the Yee algorithm as shown by Shlageret al. [19]. They
do, however, comment on the complementarity of the Bi and Yee
methods, and this nature is strikingly apparent in a later work by
Liu [20].

In Section II, a time-domain element (TDE) method is pre-
sented, which may be viewed as a reinterpretation and general-
ization of the Yee algorithm. The formulations of the TDE and
DST methods are such that a combination of the two is quite
transparent. The combined algorithm has the advantage that it
retains the local nature of each as well as taking advantage of
the obvious complementarity of the two. The result is a robust,
highly accurate, and efficient algorithm that inherently satisfies
boundary conditions on dielectric interfaces.

II. DISCRETESPACE–TIME ELECTROMAGNETICS

A discrete vector calculus on a regular grid is derived from
a few postulates on the nature of a discrete space–time. First of
which, all physically relevant quantities are uniform throughout
each unit cell. Consistent with the dual nature of Maxwell’s
equations, an interstitial lattice is included such that one lattice
supports the quantities , , and , while the dual supports

, , and (see Fig. 1). The superscript is included to
distinguish them from corresponding variables in the following
sections.

In the continuum, the del operator has the simple form

(1)

However, on the discrete lattice, the partial derivatives must
be replaced with finite-difference operators. Furthermore, since
each volume element is surrounded by eight dual-volume ele-
ments that cross along four diagonals, the discrete del operator
is expected to take contributions from each of the four diagonals
crossing the central element. Therefore, the discrete del operator
takes on the form

(2)

where represent unit vectors along the diagonals of a funda-
mental cell, are finite-differences along their respective di-
rections, and is a constant that will be fixed later.

Through algebraic manipulation, (2) may be recast into the
form

(3)
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Fig. 2. Central volume element with a uniform charge density� and the resulting radially directed vector fieldsE .

where

and

(4)

for . The shifting operators and shift the index
down or up by 1/2, respectively. Finally, Gauss’ law will be

considered in order to determine the value ofand complete
the definition of the discrete del operator.

Assume that a charge density is placed within a volume
element. Since all physically relevant quantities are uniform,
a charge is evenly distributed in the -cell sur-
rounded by eight-dual elements that support. The grey ele-
ment in Fig. 2 represents the charge densityand the dashed
lines represent the regions where the dualelements intersect
the central element.

Due to the symmetry of the problem, each of the eight
-field values should have the same magnitude and be

directed radially away from the center of the -cell (Fig. 2)

(5)
where is the magnitude of at each of the eight-dual
elements.

Consider a Gaussian surface around this central volume ele-
ment

(6)

Evaluation of the integral, along with (5), results in

(7)

Thus, by enforcing Gauss’ law in the discretized space–time,
a closed-form solution has been obtained for the field immedi-
ately adjacent to a “point” charge.

A closed-form solution could also be obtained via the differ-
ential form

(8)

using the discrete del operator. This results in

(9)

Comparing (7) and (9), it is seen that and the discrete
del operator is now completely determined and can be written
as

(10)

With the discrete del operator thus defined, it is trivial to define
the discrete gradient, divergence, and curl

(11)

(12)

and

(13)

The vector identities

(14)
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(15)

(16)

follow directly.
Application to Maxwell’s curl equations

(17)

(18)

is now trivial and update expressions may be easily derived.
Charge is conserved as a direct consequence of taking the dis-
crete divergence of (17) and applying (16), with the additional
conditions

and (19)

As mentioned in the introduction, the algorithm that results
from this formulation was first introduced by Biet al. [17] and
later analyzed by Ray [18], Shlageret al. [19], and Liu [20].
However, the original algorithm was introduced without atten-
tion to the details of the physical and mathematical interpreta-
tions as presented here. It is precisely these underlying interpre-
tations that will allow it to be combined with the complementary
TDE method of the following section. When combined with the
TDE method, as will be demonstrated, the problems of grid de-
coupling and numerical dispersion are resolved.

III. TDE ELECTROMAGNETICS

In this section, an extension of the three-dimensional (3-D)
brick element [21] and rooftop basis functions to the time do-
main is presented. The resulting TDE method is seen to be a
reinterpretation and generalization of the standard Yee algo-
rithm.

In order to ensure continuity of the tangential components
of and , these vector fields are expanded in terms of time-
domain edge element basis functions

(20)

where

for

else
(21)

and

for

else
(22)

where and are triangle and pulse functions,
respectively, in the direction. Throughout the rest of this
paper, will represent the time coordinate. Similarly, in order
to ensure continuity of the normal components ofand ,
these vector fields are expanded in terms of time-domain rooftop
basis functions

(23)

If the vector fields span the spatial indices for
and the temporal indices , then the

field interpolations may be expressed as

(24)

and

(25)

where

(26)

(27)

(28)

with similar expressions for and . As in Section II, the
vector fields are set on a primary and a dual lattice as illustrated
in Fig. 3.

It may be shown [21] that taking the curl of the interpolation
(24) within a volume cell and evaluating it on nodes that cor-
respond to Yee nodes results in the following when applied to
Maxwell’s equations:

(29)

and

(30)

where

(31)

and

(32)
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Fig. 3. Unit cell with noncollocated field components.

represents the finite-difference version of the curl operator. With
the approximate constitutive relations

and (33)

(29) and (30) are equivalent to the Yee algorithm. Thus, the
Yee algorithm may be interpreted as an implementation of
Maxwell’s curl equations on a dual-elemental lattice under the
assumption of (33).

The advantage of considering the TDE algorithm over the
standard Yee algorithm is that the TDE method is based on
an interpolation of vector fields within volume elements of
the primary and dual lattices, much in the same manner as the
DST method of the previous section. Since the DST and TDE
methods both represent distinct interpolations of vector fields
on a lattice, a combination of the two may be developed by
considering a simple linear combination of the two interpo-
lations, which itself will be an interpolation. This will be the
subject of the Section IV.

IV. COMBINED DST/TDE ALGORITHM

The complementary natures of the DST and TDE methods
presented previously, which, when written in update expres-
sions, are equivalent to the Bi and Yee methods, motivate the de-
velopment of a combined algorithm that maintains several of the

desirable characteristics of each individual method. If its max-
imum time step is taken, the Yee algorithm has zero-phase error
along the major grid diagonals, while it suffers from greatest dis-
persion error along the axes. Conversely, if its maximum time
step is taken, the DST algorithm has zero-phase error along the
axes and suffers from largest error along the major diagonals.
With a suitable linear combination, a highly isotropic algorithm
is achieved in which the stability criterion is also relaxed relative
to the standard Yee algorithm allowing for larger time steps. A
more detailed numerical dispersion and stability analysis is pre-
sented in the next section.

Each method is set on interstitial primary and dual lattices.
Thus, the combined lattice will also be set on a primary and
dual lattice as shown in Fig. 4. The collocated DST nodes are
located at the center of the DST volume elements and the cor-
responding vector fields are piecewise constant throughout the
element. The noncollocated Yee nodes are on the edges of the
TDE volume elements and the vector fields are interpolated, as
in (24) and (25). Note, that DST nodes are designated with the
superscript “0,” while the TDE, or Yee, nodes are designated
with the superscript “1.”

The update expressions for the field components and
will be derived from Faraday’s law

(34)

The expressions for and follow by duality.
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Fig. 4. Unit cell with collocated- and noncollocated-field components.

Evaluating (34) at the Yee node ,
, the left-hand side is

(35)

The right-hand side is a line integral which takes contributions
from both noncollocated Yee nodes and collocated DST nodes
as shown in Fig. 5. Thus

(36)

where and are weighting coefficients. Equating (35) and
(36) results in

(37)

with similar expressions for the other components. The resulting
system of equations may be written more compactly as

(38)

and

(39)

where

(40)

The and operators in the above are left in to emphasize
that the Yee nodes are noncollocated. It should be noted, that if

is set to zero and is set to one, the (38) and (40) above are
equivalent to the Yee algorithm [compare with (29) and (30)].
Therefore, the DST node contribution may be thought of as a
correction to the standard Yee algorithm.

A similar exercise for the DST nodes results in the update
expressions

(41)

and

(42)
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Fig. 5. Line integral for updating the Yee node componentH .

Fig. 6. Updating the DST node componentH involves simply an average
of line integrals that have already been computed in updating the Yee node
components. Hence, the line integrals may be recycled expediting an efficient
implementation. The other components follow from their corresponding
averages.

The above expressions show that updating the DST nodes may
be facilitated by utilizing an average of terms that have already
been computed while updating the Yee nodes atand
as illustrated in Fig. 6. Also, if is set to one and is set
to zero, the above is equivalent to the DST algorithm (17) and
(18). Consequently, the operators and in (13)
are equivalent, as can be verified.

In lossless regions free of sources, (41) reduces to

(43)

from which it follows, with appropriate initial conditions, that

(44)

If the region is also homogeneous, then

(45)

and

(46)

Under these circumstances, (45) and (46) may be substituted
back into the right-hand sides of (38) and (39), thus eliminating
the need for the DST nodes altogether. The resulting update ex-
pressions are then

(47)

and

(48)

where

(49)

(50)
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and , . Consequently, the DST nodes
may be thought of as an augmented subgridding of the standard
Yee lattice that are only necessary in regions of sources or inho-
mogeneity. Reducing the four local equations (38), (39), (41),
and (42) to (47) and (48) results in a larger stencil. Hence, in
regions of sources or inhomogeneities, the local equations (38),
(39), (41), and (42) must be used whereas the single extended
stencils of (47) and (48) may be used in homogeneous regions.
The right-hand sides of (41) and (42) consist of a simple average
of the right-hand sides already determined in (38) and (39).
Therefore, there is very little additional computational overhead
required to explicitly update the DST nodes in such circum-
stances.

For the purpose of analysis, as is customary, the system (38),
(39), (41), and (42) will be considered in free space. Thus, it is
sufficient to consider (47) and (48) alone.

In the free-space update (47) and (48), the operator
takes on the role of the curl operator in the combined DST/TDE
formulation. Thus, it would be instructive to construct operators
associated with the free-space combined algorithm such that

(51)

(52)

and

(53)

where and correspond to free space combined algorithm
analogs of the gradient and divergence, respectively, so that a
self-contained vector calculus for the free space combined al-
gorithm may be developed. Along these lines, may be ex-
panded, resulting in

(54)

where . Therefore, (51) is satisfied if

(55)

and

(56)

These expressions may be satisfied upon defining

(57)

and

(58)

where

(59)

and

(60)

are the simple finite-difference versions of the divergence and
gradient, respectively.

With the above definitions for and , (51) is satisfied.
Also

(61)

and

(62)

Therefore, (49), (57), and (58) together constitute a self consis-
tent vector calculus for the free space combined algorithm.

V. NUMERICAL DISPERSION ANDSTABILITY ANALYSIS

In this section, the numerical dispersion error of the combined
algorithm will be determined for a plane wave

propagating in free space. The resulting dispersion relation,
upon application of (54)–(56), and (51) to (47) and (48), is

(63)

where

(64)

and

(65)

If and , (63)–(65)reduces to the dispersion
relation for the DST, or Bi, algorithm, while if and

, it reduces to that of the TDE, or Yee, algorithm. For
a review see [2], [3], [19], and [21]. It should also be noted
that, in the notation used here, whereappears with both a
subscript and a superscript, the superscript is an index and not
an exponent, as opposed to, in which any superscript is an
exponent.

The remaining task is to determine the values of the weighting
coefficients and . One method to do so involves the series
expansion of (63) while assuming that . This results
in

(66)

(67)

and
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Fig. 7. Comparison of the numerical dispersion error� = 1 � (!=kc) as a function of propagation direction at a discretization of ten cells/� for (a) the Yee
algorithm and (b) the combined algorithm.

(68)

On examining the above, an interesting result ensues ifis
taken to be 1/3

(69)

Thus, the combined algorithm remains accurate to second order;
however, it is isotropic to fourth. With this choice of weighting
coefficients, the phase velocity error

is illustrated as a function of the propagation direction in Fig. 7.
The anisotropy of the Yee algorithm is strikingly apparent in the
figure, whereas the combined algorithm is highly isotropic. Not
only is the combined algorithm highly isotropic, it is also more
stable. The stability criterion is found to be

This is a factor of 1.5 times the largest time step allowed for the
Yee algorithm.

Although, the performance of the combined algorithm is al-
ready very good for the choice of weighting coefficients

and , it is shown in the following that an extremely
accurate spatial derivative may be obtained by optimizing the
coefficients for a particular design frequency similar to [10], and
[11]. The approach here is to examine the error in the spatial

derivative, i.e., the left-hand side of (63), along the axis as well
as along the major diagonal. Along the axis

(70)

while along the major diagonal

(71)

where and . Equating (70) and (71)
ensures that the error along the axis is equal to the error along
the major diagonal. This leads to

(72)

With the error along the axis equal to the error along the diag-
onal, the remaining free parametermay be used to set this
error to zero such that , or

(73)

which gives the final expressions for and , namely

and (74)

The effect of choosing (74) is to first set the error along the
diagonals equal to that along the axis, and then to set the error
along the axis equal to zero. The remaining dispersion error is
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due only to the very small anistropy between the diagonal and
the axis. This results in a very accurate and isotropic spatial
derivative. At the design frequency,may be expanded in a
series resulting in

(75)

Thus, the optimized algorithm is accurate to fourth order in,
but unlike standard fourth-order schemes, it retains the locality
and simplicity of the standard second-order Yee algorithm.

A similar optimization procedure may be performed for the
temporal derivative by introducing a free parametersuch that

(76)

Upon setting and , may be expressed as

(77)

The resulting phase velocity dispersion error is shown in Fig. 8.
Note that the scale is several orders of magnitude less than in
Fig. 7.

Fig. 9 illustrates how the error of the optimized algorithm
passes through zero at the design frequency (cells per wave-
length) of ten cells/ along the grid axis with the remaining
anisotropic error being orders of magnitude less than both the
combined and Yee algorithms as shown in Fig. 8. As the cells
per wavelength varies from the design frequency, the error in-
creases very slowly. Therefore, the accuracy of the optimized
algorithm remains high for fairly broad bandwidths, but eventu-
ally suffers far from the design frequency.

VI. NUMERICAL RESULTS

Preliminary numerical results support the previous dispersion
and stability analysis. Fig. 10 depicts the propagation of a plane
wave in the combined DST/TDE lattice for the optimized algo-
rithm that has been optimized for ten cells/. The plane wave
is excited using the total-field/scatter-field formulation [2]. In
practice, to ensure that the incident wave is truly extinguished at
the interface of the total-field and scattered-field regions, the nu-
merical dispersion error must be taken into account in the equiv-
alent electric and magnetic currents on the surface of the Huy-
gens’ box, i.e., the interface between total and scattered-field
regions. If there is even the slightest discrepancy between the
numerical solution and the analytic equivalent currents, the total
field will bleed into the scattered-field region, thus, corrupting
the scattered-field data.

In order to compare the qualitative performance of the opti-
mized, combined, and Yee algorithms, the equivalent currents

Fig. 8. Numerical dispersion error� = 1 � (!=kc) as a function of
propagation direction at a discretization of ten cells/� for the optimized
algorithm that has been optimized for ten cells/�. Note that the scale is several
orders of magnitude less than in Fig. 7.

on the surface of the Huygens’ box are based on the exact inci-
dent field without taking into consideration the numerical dis-
persion of the algorithm. Therefore, any field that bleeds into the
scattered-field region will be due to the phase error in the plane
wave as it propagates from the front of the box to the rear of
the box. As mentioned before, Fig. 10 depicts the simulation of
the plane wave propagating from the front of the box to the rear.
Notice that there is no detectable bleeding of fields into the scat-
tered-field regions, indicating that the error in the plane wave is
extremely low. Fig. 11 depicts the same simulation performed
with the unoptimized combined algorithm, i.e., and

. There is a slight bleeding of the fields into the scat-
tered-field region, however, the overall integrity of the plane
wave is not significantly altered. On the other hand, Fig. 12 de-
picts the same simulation for the Yee algorithm, and

. In this case, the bleeding of the total field is quite se-
vere indicating a large phase error.

Figs. 10–12 are results of actual numerical simulations that
support the theoretical analysis of the previous section. How-
ever, as emphasized throughout this paper, the strength of this
new method does not lie solely in its ability to propagate fields
accurately in free space. There are several available methods
for the accurate propagation of fields in homogeneous media
[8]–[11]. However, unlike these methods, the formulation pre-
sented here is local in nature and is compatible with the inte-
gral form of Maxwell’s equations, and thus, naturally satisfies
boundary conditions at dielectric interfaces.

Figs. 13–15 illustrate the electric fields inside a dielectric
sphere of radius m resulting from an inci-
dent plane wave polarized in the-direction and propagating in
the negative -direction. The sphere is discretized with 60 cells
across the diameter.

Fig. 13 shows the results for a plane wave at 3 GHz corre-
sponding to a resolution of ten cells/inside the sphere. Thus,
making the electrical size of the sphere six wavelengths across
its diameter, i.e., . Even at this somewhat conservative
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Fig. 9. Numerical dispersion error in the� = �=2, � = �=2 directions for (a) the exact case, (b) the optimized combined algorithm (optimized for ten cells/�),
(c) the combined algorithm, and (d) the Yee algorithm.

Fig. 10. Total field/scattered fields for a plane wave at ten cells/� simulated
with the optimized algorithm.

resolution, the phase errors of the Yee algorithm are quite signif-
icant due the electrical size of the sphere, while the optimized
algorithm is in good agreement with the Mie series solution.
Note that in versus of Fig. 13, it appears as though the
Yee algorithm result is more accurate. However, due to the phase
error, the peaks are shifted relative to the Mie series. Thus, the
optimized algorithm is still more accurate in the phase. It is
not clear at the present time why the optimized algorithm has
slightly larger field values than the Mie series solution for this
particular case. As the frequency is increased to 4 GHz corre-
sponding to a resolution of 7.5 cells/(Fig. 14), which conse-
quently increases the electrical size of the sphere to ,
the Yee algorithm is no longer accurately representing the fields

Fig. 11. Total field/scattered fields for a plane wave at ten cells/� simulated
with the combined algorithm.

Fig. 12. Total field/scattered fields for a plane wave at ten cells/� simulated
with the Yee algorithm.
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Fig. 13. Comparison of the electric fields inside a dielectric sphere� = 4 of diameterd = 6� for the Mie series (solid), optimized (dashed), and Yee (dotted)
algorithms. The incident plane wave is polarized in thex-direction and propagating in the negativez-direction at a frequency corresponding to a resolution of ten
cells/� inside the sphere.

Fig. 14. Comparison of the electric fields inside a dielectric sphere� = 4 of diameterd = 8� for the Mie series (solid), optimized (dashed), and Yee (dotted)
algorithms. The incident plane wave is polarized in thex-direction and propagating in the negativez-direction at a frequency corresponding to a resolution of
7.5 cells/� inside the sphere.

within the sphere whereas the optimized algorithm is still in
good agreement with the Mie series solutions. Increasing the
frequency further to 5 GHz corresponding to a resolution of 6
cells/ (Fig. 15) and to an electrical size of , the opti-

mized algorithm remains in good agreement with the Mie series
solutions. Thus, the optimized algorithm presented here remains
accurate for electrically large dielectric structures at resolutions
as low as 6 cells/.
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Fig. 15. Comparison of the electric fields inside a dielectric sphere� = 4 of diameterd = 10� for the Mie series (solid), optimized (dashed), and Yee (dotted)
algorithms. The incident plane wave is polarized in thex-direction and propagating in the negativez-direction at a frequency corresponding to a resolution of six
cells/� inside the sphere.

VII. CONCLUSION

The combined and optimized algorithms presented here are
developed from an in-depth consideration of the physical and
mathematical implications of placing electromagnetic theory on
a lattice [22]. A self-consistent discrete vector calculus on a col-
located lattice is developed and applied to Maxwell’s equations,
resulting in the DST algorithm of Section II. The ideas of Sec-
tion II are extended to time-domain edge elements and time-do-
main rooftop basis functions in Section III. The resulting TDE
algorithm is shown to be a generalization and reinterpretation
of the Yee algorithm. The analysis of [22] directly applies to
this TDE algorithm showing the self-consistent mathematical
framework of the Yee algorithm.

The formulations of Sections II and III allow for a straight for-
ward combination of the two complementary methods. The re-
sulting combined and optimized algorithms of Section IV main-
tain several of the advantages of their composite methods. The
resulting algorithm is local in nature, i.e., it does not depend
on an extended stencil. Only nearest-neighbor interactions are
considered. It is consistent with both the differential and inte-
gral forms of Maxwell’s equations, and thus satisfies boundary
conditions at discontinuities without any additional computa-
tional effort. The performance of the optimized algorithm has
been validated via a comparison with the Mie series solution
for an electrically large sphere as large as and a coarse
resolution of six cells/.

Although the algorithm presented here is local in nature, the
combined lattice amounts to having a more densely packed
grid. The line integrals, i.e., the right-hand sides of (38) and
(39) involve 12e-field components, as opposed to four-field
components of the Yee algorithm. Therefore, for a given lattice

spacing, the present algorithm will require more floating point
operations per update. However, with the low-dispersion error,
the lattice spacing may be increased. This, together with the
larger allowable time steps, more than compensates for the
larger-operation count per time step. Of course, with larger
lattice spacing, the question of geometrical modeling arises.
Geometrical modeling is a very important aspect for the study
of complex structures. Research is presently underway to
extend the ideas presented here to arbitrary grids and subcell
modeling and will be addressed further in future work.

The stability for the combined algorithm has been determined
to be 1.5 times that for the standard Yee algorithm and verified
through numerical experiments. The stability for the optimized
algorithm is slightly more restrictive than the combined algo-
rithm due to the fact that the sum of the weighting coefficients
is not unity. An exact stability criterion has not yet been de-
rived, however, numerical experiments indicate that there is only
a minor reduction in the time step for the optimized algorithm
as compared to the combined algorithm.

Although not presented here, an implementation of perfectly
matched layers (PML) absorbing boundary conditions is natu-
rally extended to both the combined and optimized algorithms
with excellent results. This is an area of present research and
will be analyzed in more detail in the near future. Preliminary
numerical experiments are encouraging.

It should also be noted, however, that the preliminary nu-
merical results presented here were performed at a single-de-
sign frequency. In addition to the ongoing work regarding the
quantification of the PML performance, research is also un-
derway to quantify the performance of the present algorithm
under broader-bandwidth excitations.



996 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 50, NO. 7, JULY 2002

REFERENCES

[1] K. S. Yee, “Numerical solution of initial boundary value problems in-
volving Maxwell’s equations in isotropic media,”IEEE Trans. Antennas
Propagat., vol. AP-14, pp. 302–307, 1966.

[2] A. Taflove, Computational Electrodynamics: The Finite-Difference
Time-Domain Method. Norwood, MA: Artech House, 1995.

[3] , Advances in Computational Electrodynamics: The Finite-Differ-
ence Time-Domain Method. Norwood, MA: Artech House, 1998.

[4] P. J. Dimbylow and S. M. Mann, “SAR calculations in an anatomically
realistic model of the head for mobile communication transceivers at 900
MHz and 1.8 GHz,”Phys. Med. Biol., vol. 39, pp. 1537–1553, 1994.

[5] M. Okoniewski and M. A. Stuchly, “A study of the handset antenna and
human body interaction,”IEEE Trans. Microwave Theory Tech., vol. 44,
pp. 1855–1864, Oct. 1996.

[6] V. Hombach, K. Meier, M. Burkhardt, E. Kühn, and N. Kuster, “The
dependence of EM energy absorption upon human head modeling at 900
MHz,” IEEE Trans. Microwave Theory Tech., vol. 44, pp. 1865–1873,
Oct. 1996.

[7] O. P. Gandhi, G. Lazzi, and C. M. Furse, “Electromagnetic absorption
in the human head and neck for mobile telephones at 835 and 1900
MHz,” IEEE Trans. Microwave Theory Tech., vol. 44, pp. 1884–1897,
Oct. 1996.

[8] J. Fang, “Time domain finite difference computation for Maxwell’s
equations,” Ph.D. dissertation, Univ. California at Berkeley, Berkeley,
CA, 1989.

[9] T. Deveze, L. Beaulie, and W. Tabbara, “A fourth order scheme for
the FDTD algorithm applied to Maxwell’s equations,” inProc. IEEE
Antennas and Propagation Society Int. Symp., Chicago, IL, 1992, pp.
346–349.

[10] M. F. Hadi and M. Picket-May, “A modified FDTD (2,4) scheme for
modeling electrically large structures with high phase accuracy,”IEEE
Trans. Antennas Propagat., vol. 45, pp. 254–264, 1997.

[11] J. B. Cole, “A high-accuracy realization of the Yee algorithm using non-
standard finite-differences,”IEEE Trans. Microwave Theory Tech., vol.
45, pp. 991–996, 1997.

[12] F. L. Teixeira and W. C. Chew, “Lattice electromagnetic theory from a
topological viewpoint,” J. Math. Phys., vol. 40, 1999, to be published.

[13] I. J. Craddock, C. J. Railton, and J. P. McGeehan, “Derivation and ap-
plication of a passive equivalent circuit for the finite difference time do-
main algorithm,”IEEE Microwave Guided Wave Lett., vol. 6, pp. 40–42,
1996.

[14] K. M. Krishnaiah and C. J. Railton, “Passive equivalent circuit of FDTD:
An application to subgridding,”Electron. Lett., vol. 33, pp. 1277–1278,
1997.

[15] P. Thoma and T. Weiland, “A consistent subgridding scheme for the fi-
nite-difference time domain method,”Int. J. Numer. Modeling, vol. 9,
pp. 359–374, 1996.

[16] J. L. Young, D. Gaitonde, and J. S. Shang, “Toward the construction
of a fourth-order difference scheme for transient EM wave simulation:
staggered grid approach,”IEEE Trans. Antennas Propagat., vol. 45, pp.
1573–1580, 1997.

[17] Z. Bi, K. Wu, C. Wu, and J. Litva, “A new finite-difference time-domain
algorithm for solving Maxwell’s equations,”IEEE Micro. Guided Wave
Lett., vol. 1, pp. 382–384, 1991.

[18] S. L. Ray, “Grid decoupling in finite element solutions of Maxwell’s
equations,”IEEE Trans. Antennas Propagat., vol. 40, pp. 443–445,
1992.

[19] K. L. Shlager, J. G. Maloney, S. L. Ray, and A. F. Peterson, “Relative ac-
curacy of several finite-difference time-domain methods in two and three
dimensions,”IEEE Trans. Antennas Propagat., vol. 41, pp. 1732–1737,
1993.

[20] Y. Liu, “Fourier analysis of numerical algorithms for the Maxwell equa-
tions,” J. Comput. Phys., vol. 124, pp. 396–416, 1996.

[21] E. A. Forgy, “A time-domain method for computational electromag-
netics with isotropic numerical dispersion on an overlapped lattice,”
M.S. thesis, Dept. Elect. Comput. Eng., University of Illinois at Ur-
bana-Champaign, Champaign, IL , 1998.

[22] W. C. Chew, “Electromagnetic theory on a lattice,”J. Appl. Phys., vol.
75, pp. 4843–4850, 1994.

Eric Alan Forgy received the B.S. degree in physics from California State Uni-
versity, Fresno, and the M.S. degree in electrical engineering from the University
of Illinois at Urbana-Champaign in 1994 and 1998, respectively. He is currently
working toward the Ph.D. degree at the University of Illinois.

He is currently a Research Assistant with the Center for Computational Elec-
tromagnetics, University of Illinois. His research interests include the develop-
ment of rigorous physical models on a lattice for the use in numerical simula-
tions of wave phenomena in inhomogeneous media.

Mr. Forgy was awarded first place in the Student Paper Competition at the
1999 IEEE Antennas and Propagation Society International Symposium.

Weng Cho Chew(S’79–M’80–SM’86–F’93) received the B.S., the M.S. and
Engineer’s, and the Ph.D. degrees, all in electrical engineering from the Mass-
achusetts Institute of Technology, Cambridge, in 1976, 1978, and 1980, respec-
tively.

He is currently a Professor with the University of Illinois at Urbana-Cham-
paign and is Director of the Center for Computational Electromagnetics and the
Electromagnetics Laboratory. Prior to his position with the University of Illi-
nois, he was a Department Manager and a Program Leader at Schlumberger-Doll
Research, Ridgefield, CT. He is the originator of several fast algorithms for
solving electromagnetics scattering and inverse problems. He has authored a
book entitledWaves and Fields in Inhomogeneous Media, (New York: Van Nos-
trand Reinhold, 1990; reprinted, Piscataway, NJ: IEEE Press, 1995). He is the
author or coauthor of over 200 journal publications and over 270 conference
publications. His research interests include the area of waves in inhomogeneous
media for various sensing applications, integrated circuits, microstrip antenna
applications, and fast algorithms for solving wave scattering and radiation prob-
lems.

Dr. Chew was an NSF Presidential Young Investigator. In 2000, he was the
recipient of the IEEE Graduate Teaching Award, and is currently a Founder
Professor of the College of Engineering at the University of Illinois.


	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 
	Intentional blank: This page is intentionally blank


